CR 2 for every R ≥ 1, then σ is necessarily constant. In this paper we prove that this result is not true if we replace R 2 by R k for k > 2 in any dimension N .
Introduction and main result
In 1978, E. De Giorgi [5] stated the following conjecture: Conjecture. Let u : R N → R a bounded solution of the Allen-Cahn equation −∆u = u − u 3 which is monotone in one direction (for instance ∂u/∂ x N > 0 in R N ). Then u depends only on one variable (equivalently, all its level sets are hyperplanes), at least if N ≤ 8.
This conjecture was proved in 1997 for N = 2 by Ghoussoub and Gui [8] , and in 2000 for N = 3 by Ambrosio and Cabré [2] . In 2011, del Pino, Kowalczyk, and Wei [7] established that the conjecture does not hold for N ≥ 9, as suggested in De Giorgi's original statement. In dimensions 4 ≤ N ≤ 8 the conjecture remains still open.
To prove the conjecture for N ≤ 3, it is used the following Liouville-type theorem due to H. Berestycki, L. Caffarelli and L. Nirenberg [4] :
in the distributional sense. For every R > 0, let B R = {|x| < R} and assume that there exists a constant independent of R such that
Then σ is constant.
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The idea is the following. If u is a solution in De Giorgi's conjecture, consider the functions ϕ := ∂u/∂ x N > 0 and σ i :
Since both ∂ x i u and ϕ solves the same linear equation −∆v = (1 − 3u 2 )v, an easy computation shows that div(ϕ 2 ∇σ i ) = 0. In dimensions N ≤ 3 it is proved that B R |∇u| 2 dx ≤ CR 2 , for every R ≥ 1. Applying Theorem 1.1 it is obtained that σ i is constant and it follows easily that u is a one-dimensional function. Observe that in this reasoning it is just used div(ϕ 2 ∇σ i ) = 0, which is a an stronger condition than (1.1).
Motivated by the useful application of Liouville-type theorems to these kind of problems, in [1] the authors formulated the following problem:
What is the optimal (maximal) exponet γ N such that
in the Liouville-type Theorem 1.1? (assuming that equality holds in (1.1)).
In [3] it is proved that γ N < N when N ≥ 3. Also, a sharp choise in the counterexamples of [8] shows that γ N < 2 + 2 √ N − 1 for N ≥ 7. Recently, Moradifam [9] proved that γ N < 3 when N ≥ 4.
In this note we prove that γ N = 2 for every N ≥ 1. In other words, the exponent 2 in Theorem 1.1 is sharp, when equality holds in (1.1). The sharpness of the exponent 2, assuming only inequality in (1.1), was proved by Gazzola [6] . 
Counterexample
Proof of Theorem 1.2.
Let 0 < H ∈ C ∞ (R N −1 ) satisfying R N−1 H 2 = 1. Let k > 2 and consider an odd function g ∈ C ∞ (R) satisfying g(r) = 2 − r 2−k if r ≥ 1 and g ′ (r) > 0 for all r ∈ R.
Define
σ(x 1 , ..., x N ) := g(x N ).
(If N = 1, then define ϕ(x) = 1/ g ′ (x) and we apply the same reasoning that in the case N > 1).
On the other hand, taking into account that σ 2 < 4 in R N , and B R ⊂ R N −1 × (−R, R), we obtain for arbitrary R ≥ 1:
for certain C 1 > 0, C 2 ∈ R. Taking C = C 1 +|C 2 |, the proof is complete.
